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Abstract 
A graph G=(V,E) is said to be k-emulsive if it admits an edge-colouring ~p :E---~ [k] = 
{ 1,2 . . . . .  k} such that, for any vertex-colouring q~: V ~ [k] there exists an edge e = {x, y} such 
that ~o(x)=~o(y)=~b(e). We show, by construction, that the complete graph on (1 + o(1))k 2 
vertices is k-emulsive. This settles a question raised by Cochand and Duchet. (~ 1999 Published 
by Elsevier Science B.V. All rights reserved 
1. Introduction 
A classical result of  R6dl [6] asserts that given any acyclic directed graph D there 
exists an undirected graph G = G(D) whose every acyclic orientation contains an in- 
duced copy of  D. In [4], Cochand and Duchet gave an explicit inductive construc- 
tion for such a graph G. Their construction was based on the notion of  a k-emulsive 
graph, i.e., a graph (V,E) that admits an edge-colouring ~p :E  ~ [k] = {1,2 . . . . .  k} such 
that, for any vertex-colouring ~o:V ~ [k] there exists an edge e= {x, y} such that 
(p(x)= q~(y)=~k(e). The k-emulsive graph they used in their construction was the 
complete graph on 2 k vertices, and, as the size of  their construction was very sensitive 
to the maximal degree of  the k-emulsive graph used there, they raised the following 
problem. Let d(k) denote the minimal value of  the maximum degree of  a k-emulsive 
graph. Does d(k) have a polynomial growth? In particular, is it linear? 
These questions were answered by Brightwell and Kohayakawa [3], who proved by 
probabilistic means that k2/2e<d(k)<2k2( logk + 2), the upper bound having been 
proved for large enough k. The aim of  this note is to replace the upper bound, in a 
constructive manner, by one that matches to the lower bound. 
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Theorem 1.1. The complete graph Kn on n = (1 + o(1))k 2 vertices is k-emulsive, and 
hence d(k)<(1  + o(1))k 2. 
This k-emulsive graph, used in the construction of Cochand and Duchet, yields 
a graph G = G(D) whose size is exponential in that of D. However, as it is noted 
in [3], a result of  R6dl and Winkler [7] implies that there is such a graph G of order 
O(n3(log n)2), where n denotes the number of vertices of D. 
The next section is devoted to the proof of Theorem 1.1. In the third part of the 
paper we extend these results for uniform hypergraphs, and conclude the paper with 
an open question. 
2. The construction 
Proof  of Theorem 1.1. Let q denote the smallest prime power greater than k. Define 
V as a two-dimensional vector space over the finite field GF(q). V has q + 1 one- 
dimensional linear subspaces L1,L2,...,Lq+I. Choose, for every 1 <~i<<.q + 1, vectors 
vii, vi2 . . . . .  Viq E V such that the affine subspaces 
Li ÷ Vil,Li ÷/)i2,--. ,Li ÷ Viq 
form a partition of V. Let f :{1 ,2  . . . . .  q + 1} ~ [k] be any surjective function. 
We will show that the complete graph G=(V,E) is indeed k-emulsive, by con- 
structing an appropriate dge-colouring, as follows. For every e = {x, y} E E, there is a 
unique pair (i,j) with 1 <<.i<~q+ 1, 1 <<.j<~q such that e C_Li+vij. Let in this case define 
~(e) =f ( i ) .  That is, edges are coloured according to the direction of their supporting 
line. 
Suppose now that we are given an arbitrary colouring ~o : V --+ [k]. Then there exists 
a colour c E [k] such that 
I{vE V, qg(v)=c}]>~ ~ >q. 
Choose 1 <<.i<<.q + 1 with f ( i )=c.  There exists 1 <<.j<~q such that 
I{v ~ v, ~o(v) = c} n (1:i + v/j)l > 1. 
I f  e = {x, y} is any two-element subset of {v E V, q~(v) = e} N (Li + vii), then obviously 
q~(x) = q~(y) = if(e) = c, thus the proof of the theorem is complete. We only need to 
note that [VI = qe = (1 + o(1 ))k 2. 
Remark. Bertrand's postulate would give us the estimate d(k)<4k 2 including a real 
constant. On the other hand, the most recent result on the difference between consec- 
utive primes yields d(k)<k2+ O(k 1535), see [2]. 
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3. Hypergraphs 
The concept of k-emulsiveness can be extended to hypergraphs in a natural way. That 
is, we say that a hypergraph H----(V,E) is k-emulsive if it admits an edge-colouring 
: E ~ [k] = { 1,2 . . . . .  k} such that, for any vertex-colouring ~p : V ~ [k] there exists an 
edge e = {xl ,x2 . . . . .  xr} such that ~P(Xl ) = ~p(x2) . . . . .  ~p(x,.) -- ~(e). For convenience, 
such an edge-colouring is said to be k-emulsive. 
For any integer r>~2, let dr(k) (resp. vr(k)) denote the minimal possible value of 
the maximum degree A(H) (resp. the number of vertices v(H)) a k-emulsive r-uniform 
hypergraph H can have. We have already seen that kZ /2e < d2(k ) < v2(k ) < ( 1 +o( 1 ) )k 2. 
The following estimates can be obtained using the probabilistic arguments in [3]. 
Theorem 3.1. (i) For all k>~l, dr(k)>U/re. 
(ii) I f  k >~ 2, then the complete r-uniform hyperoraph K,I ~ on n vertices is k-emulsive 
if n >~ckl+l/~r-L)(logk) l/(r-l) and c = c(r) is large enough. 
Corollary 3.2. There exist constants cl(r) and c2(r) such that 
Cl (r)U/~r- I) < vr(k) < c2(r)k r/(r- 1)(log k) 1/(r-I). 
Proof of Theorem 3.1. To prove the first assertion, fix an arbitrary r-uniform 
hypergraph H with A(H)~kr/re.  Let $ :E - -~ [k] be an edge-colouring of H. We will 
show that ~b cannot be k-emulsive. Consider a random k-colouring (p of the vertex 
set V of H,  that is, colour the vertices independently so that P(~p(v)= i) = 1/k for 
every v E V and i E [k]. For each edge e = {xl,x2 . . . . .  xr} of H let A~ denote the event 
that ~p(xl ) = q~(x2) . . . . .  (p(xr) = O(e). Then clearly p = P(Ae) = 1/k r. The depen- 
dency graph of the events Ae (e E E)  has maximum degree d ~r (A(H) -  1 ). Therefore 
ep(d + 1)~< 1, and the Lov~sz Local Lemma [5] (see [1] for the variant of the lemma 
we use here) asserts that the probability that no A~ occurs is positive. Thus, there exists 
a vertex-colouring (p: V--~ [k] which shows that ~ is indeed not k-emulsive. 
To prove (ii), note first that there are kC) edge-colourings ~ :E(K£)---~ [k]. For 
every vertex-colouring ~o: V (K£)~ [k] there exists a monochromatic set of vertices 
V~, of size >~ [n/k 1 . I f  an edge-colouring ~ is not k-emulsive, then, for some vertex 
colouring (p, ~ colours the r-tuples of V,p using only the remaining k -  1 colours. Thus, 
the number of edge-colourings which are not k-emulsive is at most 
( n )k(k_ l ) ( f " i ' l )kC) - ( f " /1)  
F /kl 
which is less than kC) if c is large enough and k is large enough compared to c, as 
it follows from a routine calculation. We may then replace c, if necessary, by a larger 
constant which makes (ii) valid as well for small values of k. [] 
A minor modification of our construction can be used to match an upper bound with 
the lower bound in Theorem 3.1(i). 
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Theorem 3.3. There exists a constant c3(r) such that dr(k ) <c3(r)k r. 
Proof. Let q denote the smallest prime power greater than ( r -  1)k. With the nota- 
tion introduced in the proof of  Theorem 1.1, let us define an r-uniform hypergraph 
H = (V, E/) where 
E' ={e = {xl, x2 . . . . .  Xr } C_ V I x~ :fix# (~ • fl); 3i E [q + 1 ], j E [q]: e C_ Li + vii }. 
To show that this hypergraph is k-emulsive one can proceed along the same lines as 
in the proof of  Theorem 1.1. Each vertex of  this hypergraph as degree (q + 1)(q- l ) .  
This proves the assertion of  the theorem with c3( r )~ (1 /x /~)e  r-1 x/~. [] 
However, the hypergraph constructed in the previous proof has too many vertices, 
compared to the one given in the second part of  Theorem 3.1. One may be tempted to 
consider an r-dimensional vector space V over a field of  ~(rk)  l/(r-l) elements, and 
to colour the r-tuples of  V according to the direction of  the/an ( r -  1)-dimensional 
affine space they all belong to. Unfortunately, there are a couple of  problems with 
this approach, and we do not see any way to fix them. This motivates the following 
question. 
Problem 3.4. Does there exist a constant c4(r) such that vr(k )<c4(r)kr/(r-l)? 
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